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ABSTRACT: We formulate the information paradox in de Sitter space in terms of the no-
cloning principle of quantum mechanics. We show that energy conservation puts an upper
bound on the maximum entropy available to any de Sitter observer. Combined with a
general result on the average information in a quantum subsystem, this guarantees that an
observer in de Sitter space cannot obtain even a single bit of information from the de Sitter
horizon, thereby preventing any observable violations of the quantum no-cloning principle.
The result supports the notion of observer complementarity.
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Resolving the black hole information paradox remains one of the most important open
problems in theoretical physics [[[]. By the principle of equivalence, an in-falling observer
crossing a black hole horizon would notice nothing special there. Suppose this observer is
carrying a system in some quantum state. If black hole evaporation is a unitary process,
the Hawking radiation left after the hole has disappeared must encode a faithful copy of
the quantum state that the in-falling observer was carrying. Hence, at earlier times, two
copies of the state seem to be needed, one inside (carried by the in-falling observer) and
one outside the black hole (encoded in the Hawking radiation). But this seems to fall afoul
of the no-cloning principle of quantum mechanics. This principle (which complicates the
task of making back-ups in quantum computing) says that no unitary operator can make
duplicate copies of a general quantum state; copying violates linearity. Thus even if we
were able to show that Hawking radiation encodes information we would still be faced with
a serious conflict with quantum mechanics.

A proposed resolution to this dilemma is the principle of black hole complementarity.
This in effect permits the cloning to take place so long as no observer can witness it [, .
Although at first sight complementarity may look easy to falsify, a number of careful
thought experiments indicate that the principle cannot be ruled out, at least for black
holes [{-f.

In pure de Sitter space, it is less clear that there is a threat of information loss.
Nevertheless, because de Sitter radiation can be derived in much the same way that black
hole radiation can []—[], one expects that de Sitter radiation too contains information
about things that have fallen through the horizon. We shall assume that to be the case
here. Then there are two copies of the quantum state, one carried by the observer who
crosses the de Sitter horizon, and one encoded in the de Sitter radiation. But now we
again run the risk of observable violations of the no-cloning principle [I(J]. The purpose
of this note is to show that these do not occur: energy conservation protects observer
complementarity and no observer observes any duplicate information. In fact, we will
derive the stronger result that an observer in de Sitter space cannot retrieve even a single
bit of information from semi-classical measurements of the de Sitter radiation.

It helps to first recall a few facts about information. The information contained in a
system is the deficit between the maximal coarse-grained entropy that it could have and
the entropy that it actually has:

I = Smaximal - Sactual . (1)

Intuitively, the more disordered a system is, the closer it is to thermal equilibrium and
maximal entropy, and therefore the less information it contains. A calculation of the
information contained in a subsystem of a larger system was done in a remarkable paper
by Don Page [[1]. Page imagined that the total system was in a pure quantum state within
the total Hilbert space, H. Let H be divided into a tensor product of two Hilbert spaces of
dimension m and n, corresponding respectively to the Hilbert spaces of the subsystem and
of the rest of the system. Tracing over the states of the rest of the system yields a density
matrix, p, for the subsystem. Page calculated the entanglement entropy, —trpln p, for the
subsystem, and averaged it over all possible pure states for the total system (where the
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Figure 1: Scenario for potential violation of black hole complementarity.

averaging was with respect to a uniform weighting for pure states given by the unitarily
invariant (Haar) measure). The result [L1, [[3], for m < n, is

k=mn
1 m-1
k=n+1

Since Smaximal = Inm, the average information in the subsystem is, by ([l) and (f),

m
on’

(Im,n) = Inm — (S) 3)
where the approximation assumes that m,n > 1. When m = n, the subsystem and the
rest of the system each contain half the entropy. Even so, (f) says that the information
contained individually within each of them is typically just half a unit; the bulk of the
information is encoded in the correlations between the two parts of the system. Since the
information in even a single bit is In 2, we see that effectively no information is contained
in the subsystem. That is, if the total system is in a typical pure state, then a subsystem
carries not one bit of information unless it contains at least half the entropy of the total
system.

These general considerations have had profound consequences for the black hole infor-
mation paradox. Consider the situation shown in the Penrose diagram of figure . Observer
1 falls into a black hole carrying with him a quantum system of one bit, a spin degree of
freedom say. Observer 2 stays outside until, at point A, she has received the Hawking
radiation carrying the information about the spin state. She then bravely jumps into the
black hole in an attempt to see the same bit twice. To help her do so, observer 1 sends a
message to observer 2 containing the spin bit. But observer 1 must send the message no
later than point B in order for the bit to reach observer 2 before she hits the singularity.
Page’s calculation is essential here because it says that only after half the entropy of the
hole has been radiated out can any information about the spin state emerge. Hence, in D
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Figure 2: Scenario for potential violation of de Sitter complementarity.

spacetime dimensions, an information retention time of order
1
2 2rD—1\ D=3
tinto ~ (GpM P~ D=3 (4)

must elapse before observer 2 can jump into the hole at point A. The delayed in-fall of
observer 2 leaves a limited amount of time for observer 1 to send a signal containing the
bit; it can then be shown on the basis of the energy-time uncertainty principle that the
energy required to send the message would back-react severely on the geometry, thereby
invalidating the entire semi-classical set-up [, [L3].

For de Sitter space, the Penrose diagram looks quite similar (see figure[d), but there are
a few differences. The first obvious difference is the absence of a singularity. More crucially,
the analogue of the information retention time is obscure for de Sitter space. Without a
delayed in-fall, the observer who records the Hawking radiation could potentially jump
through the horizon and still have enough time to receive the message with the duplicate
bit.

Now, in a strong version of holography, the finite entropy of de Sitter space actually
enumerates the logarithm of the number of states in the finite Hilbert space H of de
Sitter quantum gravity [@f In D spacetime dimensions, the Bekenstein entropy is
QOp_oLP~2/4Gp where Gp is Newton’s constant, 1p_» is the volume of a unit D-sphere,
and L is the radius of curvature of de Sitter space. We regard the Hilbert space H of the
entire system to have dimension equal to the exponential of this number. Now we would
like to estimate how much information is available to an observer inside a de Sitter horizon.
As (f) indicates, the information content depends on the entropy of the subsystem available
to the observer. In particular, the observer is immersed in a bath of de Sitter radiation.
Naively, we might try to estimate its entropy. A gas of blackbody radiation in de Sitter
space with A polarizations, or N massless degrees of freedom, has entropy
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Here we have used the usual blackbody entropy density at the local temperature and in-
tegrated it over the de Sitter horizon volume. This expression diverges if the ultraviolet
cut-off € is removed because of the D factors of y/1 — (r/L)? in the denominator of the
integrand (D — 1 of which come from the blueshifted temperature with one coming from
the proper volume). In fact, even with an ultraviolet cut-off, the entropy in the blackbody
radiation can be arbitrarily large if the number of massless degrees of freedom is unre-
stricted. By this naive estimate then, it appears that the observer could have access to an
almost unlimited amount of information.

However, this estimate is no good; we have neglected gravity. Indeed, it is now un-
derstood that it is precisely gravitational backreaction, or energy conservation, that allows
the quanta to tunnel across the de Sitter horizon [, B11-BJ] in the first place. But when
gravity is taken into account, the maximum entropy configuration consists not of a gas of
thermal radiation but of a black hole in de Sitter space. Consider then the line element for
Schwarzschild-de Sitter space:

2GpM r2
2 2
ds ——(1—770 3 ——L2>dt

2GDM T2 -1 2 2 2
-+ <1 — 7TD—3 — ﬁ d?” +7r dQD_2 . (6)
For M < Max, this has two horizons, a cosmological horizon at radius r4 and, within it, a
black hole horizon of radius r_. At M = M.y, the two horizons coincide at the radius rg;
the solution is sometimes called the Nariai black hole. The maximum amount of entropy
that can be stored in de Sitter space is clearly the entropy of a Nariai black hole. To find

its mass My,.x we use the fact that the temperature of a de Sitter black hole is

o 1 (D - 3)GDM T_—
Thole = % (7”?—_2 - ﬁ) . (7)

As with extremal black holes in asymptotically flat space, the Nariai black hole has
vanishing temperature, a general consequence of coincident horizons. We thus obtain
GpMpax = (D — 3)7“12_1/1)2. Using gyt = 0 at the horizon we find

D=3 /D _3 (D-3)/2
GDMmax - m <D _ 1) (8)
and 1/2
D-3
== L.
" (D - 1) ?)
It follows that (D—2)/2
subsystem D — - 1
S bsyst: S 3 < — R (10)

so that the ratio of entropies is bounded above by e™!, in the limit of infinite D. We see
that, for all values of D > 3, the entropy in the Nariai black hole is less than half the total
entropy of de Sitter space. Thus even if all the Hawking radiation were most efficiently



captured and stored in a massive black hole, the maximum entropy of the subsystem
accessible to the static observer would still be insufficient to encode even a single bit of
information.

The spontaneous creation of these massive black holes in de Sitter space violates the
second law of thermodynamics because the total horizon area decreases from its maximum
value (given by the entropy of empty de Sitter space). Nevertheless, such thermodynamic
fluctuations are to be expected, and occur in far less time than a random Poincaré recur-
rence. This is relatively straightforward to see. Poincaré recurrences occur on a time-scale
of the order of the de Sitter entropy 7p ~ €% > 1 (in Planck units). In comparison, the
probability for Hawking radiating a black hole is T' ~ ¢35, where AS = § ¢t — S; is the
change in the entropy of the cosmological horizon before and after emission of the black
hole [f]. But since the cosmological and black hole horizons coincide for the Nariai black
hole, the entropy of the cosmological horizon after emission equals the Nariai black hole
entropy, which was calculated above in ([[(J). Using that result we find (in Planck units
and for D > 3) that the time-scale 7,y for producing a Nariai black hole is

TNNlNeXp [(1—M> Sd8:| ,§7'P%<<7'p. (11)
Although the probability of emission is minuscule, the time-scale is nevertheless much
smaller than the recurrence time. But what we have shown in this paper is that even such
extreme fluctuations do not provide any information for an observer to set up a violation
of the no-cloning principle.

We have only considered the scenario of an observer hoping to cross the horizon after
recording the Hawking radiation. But it is easy to see that observers who stay on one
side or other of the horizon also do not meet with any contradictions. Indeed, all hot
horizons can be approximated by Rindler horizons and arguments showing that Rindler
observers can be reconciled with complementarity were already made in [A]. To be precise,
one assumption that goes into these arguments is that the original pure state is a typical
one. In fact it is easy to imagine atypical states for which the above reasoning does not
apply. For example, if the total system is in a tensor product of two pure states, then the
information contained in the subsystem would be equal to Inm, which could certainly be
much more than one bit. But presumably such quantum gravity states would not describe
a semi-classical spacetime with a horizon.

In summary, using energy conservation and a basic result in quantum information
theory, we have shown that it is impossible for a semi-classical observer in de Sitter space
to measure even a single bit of information. No observable violations of the no-cloning
principle arise, so observer complementarity in de Sitter space appears to be safe.

Acknowledgments

We would like to thank Jan de Boer, Daniel Kabat, and Erik Verlinde for useful discussions.
M. P. thanks the Department of Physics at Columbia University, where part of this work
was done. J. P. v.d. S. would like to thank the Inter-University Centre for Astronomy and



Astrophysics in Pune, India for its hospitality during part of this work. The research of

J. P. v.d. S. is financially supported by Foundation of Fundamental Research on Matter
(FOM) grant 06PR2510.

References

[

S.W. Hawking, Breakdown of predictability in gravitational collapse, [Phys. Rev. D 14 (1976)

[ 260

2]

8]

L. Susskind, L. Thorlacius and J. Uglum, The stretched horizon and black hole
complementarity, |[Phys. Rev. D 48 (1993) 3743 [hep—th/930606].

L. Susskind, String theory and the principles of black hole complementarity, |Phys. Rev. Lett

71 (1993) 2367 [hep-th/9307169).

[4]

L. Susskind and L. Thorlacius, Gedanken experiments involving black holes, |Phys. Rev. D 49

(1994) 964 [hep-th/930810(].

C.R. Stephens, G. 't Hooft and B.F. Whiting, Black hole evaporation without information
loss, [Class. and Quant. Grav. 11 (1994) 621| er-q9c/9310006].

Y. Kiem, H.L. Verlinde and E.P. Verlinde, Black hole horizons and complementarity,

Rev. D 52 (1995) 7053 [hep-th/9502074].

G.W. Gibbons and S.W. Hawking, Cosmological event horizons, thermodynamics and particle
creation, [Phys. Rev. D 15 (1977) 2734.

M.K. Parikh, New coordinates for de Sitter space and de Sitter radiation, [Phys. Lett. B 546

(2002) 189 [hep-th/0204107)].

A.J.M. Medved, Radiation via tunneling from a de Sitter cosmological horizon,

66 (2002) 124009 [hep-th/0207247.

[10]

[11]

[12]

[13]

[14]

[15]

U.H. Danielsson, D. Domert and M.E. Olsson, Miracles and complementarity in de Sitter
space, [Phys. Rev. D 68 (2003) 083504 [hep-th/0210199].

D.N. Page, Expected entropy of a subsystem, |Phys. Rev. Lett. T1 (1993) 1291]

[Er-qc/9305007.

S.K. Foong and S. Kanno, Proof of Page’s conjecture on the average entropy of a subsystem,
Phys. Rev. Lett. 74 (1994) 1148.

L. Susskind and J. Lindesay, Black holes, information, and the string theory revolution,
World Scientific, Singapore (2005).

T. Banks, Cosmological breaking of supersymmetry or little A goes back to the future. II,
lhep-th/0007146§.

M.K. Parikh, 1. Savonije and E.P. Verlinde, Elliptic de Sitter space: dS/Za, Phys. Rev. D 67|

(2003) 064007 [hep-th/020912()].

[16]

M.K. Parikh and E.P. Verlinde, De Sitter holography with a finite number of states, JHEP 0

(2005) 054 [hep-th/0410227].

[17]

M.K. Parikh and E.P. Verlinde, De Sitter space with finitely many states: a toy story,
hep-th/040314(.



http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD14%2C2460
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD14%2C2460
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD48%2C3743
http://arxiv.org/abs/hep-th/9306069
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C71%2C2367
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C71%2C2367
http://arxiv.org/abs/hep-th/9307168
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD49%2C966
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD49%2C966
http://arxiv.org/abs/hep-th/9308100
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C11%2C621
http://arxiv.org/abs/gr-qc/9310006
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD52%2C7053
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD52%2C7053
http://arxiv.org/abs/hep-th/9502074
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD15%2C2738
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB546%2C189
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB546%2C189
http://arxiv.org/abs/hep-th/0204107
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD66%2C124009
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD66%2C124009
http://arxiv.org/abs/hep-th/0207247
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD68%2C083508
http://arxiv.org/abs/hep-th/0210198
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C71%2C1291
http://arxiv.org/abs/gr-qc/9305007
http://arxiv.org/abs/hep-th/0007146
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD67%2C064005
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD67%2C064005
http://arxiv.org/abs/hep-th/0209120
http://jhep.sissa.it/stdsearch?paper=01%282005%29054
http://jhep.sissa.it/stdsearch?paper=01%282005%29054
http://arxiv.org/abs/hep-th/0410227
http://arxiv.org/abs/hep-th/0403140

[18] D.A. Lowe, q-deformed de Sitter/conformal field theory correspondence, |Phys. Rev. D 7q

(2004) 104009 [hep-th/040718].

[19] A. Guijosa and D.A. Lowe, A new twist on dS/CFT, |Phys. Rev. D 69 (2004) 106008
[hep-tn/0312287.

[20] S.B. Giddings and D. Marolf, A global picture of quantum de Sitter space, |Phys. Rev. D 76|

(2007) 064029 [prXiv:0705.1174].

[21] M.K. Parikh and F. Wilczek, Hawking radiation as tunneling, [Phys. Rev. Lett. 85 (2000)

5049 [hep-th/9907001].

[22] M.K. Parikh, A secret tunnel through the horizon, |Int. J. Mod. Phys. D 13 (2004) 2351 [|Gen]

Rel. Grav. 36 (2004) 2419] [hep-th/040516].

[23] M.K. Parikh, Energy conservation and Hawking radiation, hep-th/0402166|.



http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD70%2C104002
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD70%2C104002
http://arxiv.org/abs/hep-th/0407188
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD69%2C106008
http://arxiv.org/abs/hep-th/0312282
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD76%2C064023
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD76%2C064023
http://arxiv.org/abs/0705.1178
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C85%2C5042
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C85%2C5042
http://arxiv.org/abs/hep-th/9907001
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CD13%2C2351
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=GRGVA%2C36%2C2419
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=GRGVA%2C36%2C2419
http://arxiv.org/abs/hep-th/0405160
http://arxiv.org/abs/hep-th/0402166

